NONCONVENTIONAL ERGODIC THEOREM FOR 
QUANTUM "DIAGONAL MEASURES" IN NON 
"(N"' ERGODIC CASE 
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Abstract. We extend the nonconventional Furstenberg ergodic 
theorem for the "diagonal measures", to the non ergodic situa- 
£f) [ tion. In order to get the result, we should add a natural algebraic 

OQ > condition which plays a crucial role in the quantum (i.e. non com- 

mutative) non ergodic situation. Such a condition is trivial in the 
classical case, as well as in the quantum ergodic situation provided 
that the support in the bidual of the state under consideration 
belongs to the center. 
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1. INTRODUCTION 

o 

The scope of the present paper is the generalization to the non com- 
i/-) | mutative setting, of the nonconventional ergodic theorem of H. Fursten- 

^ | berg relative to diagonal measure (cf. [14, 15]). Namely, we prove 

an ergodic theorem relative to possibly non invariant and non normal 
states, which is the generalization of Theorem 3.1 of [15] relative to the 
Abelian case (for classical non ergodic situation see [16]), and Theorem 
4.2 of [11] for quantum ergodic situation. 
rS ■ Let (21, a, u) be a C*-dynamical system based on the separable unital 

C*-algebra 21, the automorphism a and the invariant state u. Here, 
we drop the ergodicity hypothesis on u. We retain the hypothesis that 
the support c(uS) of the state u is in the center Z(2l**) of the bidual of 
21 which plays a crucial role in quantum case as it is shown in Section 
6. Notice that this condition is trivially satisfied in the classical case. 
Let (l-L,7r u , U, £7) be the associated GNS covariant representation. The 
C*-algebra 7T w (2t)" <S>max 7T w (2iy acts in a natural way on % ® H, and 
on %. Then the vector state 

A®B e ^(21)" ® max 7^(21)' H- (ABM, fi) 

is the quantum "diagonal measure" corresponding to the product state 

A® Be 7r w (Sl)" ® max ^(ay H> (AH, Q)(BQ, Q) . 

1 
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Notice that the diagonal measure is indeed not normal with respect 
to the product measure in all the interesting cases. The Furstenberg 
ergodic theorem mentioned above and proved under the hypothesis that 
u is ergodic in [11], means that 

N-l 

(1.1) — VC/MC/" 

n=0 

converges in the weak operator topology when A belongs to the norm 
closed linear span of 71^ (21) and 7r w (2l)'. In the classical case, It was first 
proven in [14] in the ergodic situation. In that paper, it was noted by 
the author that the non ergodic situation would have been covered by 
using the ergodic decomposition of states. The step of decomposition 
in ergodic components was surprisingly highly non trivial and, later 
the general classical case was treated in [16]. The Cesaro mean in (1.1) 
plays a crucial role in the investigation of the long time behavior of 
multiple correlations (the three-correlation in this specific situation) 
of dynamical systems. The reader is referred to [3, 13, 12, 17] for 
the systematic treatment of the topic, and a wide class of interesting 
situations. 1 

In order to include situations which could have also natural physical 
applications, in the present note we extend the mentioned ergodic the- 
orem by dropping the ergodic condition for the state u. In order to do 
that, the standard technique of ergodic/direct integral decomposition 
is used, and we should assume the algebraic condition 

(1.2) MSl)U {[/})' c Z(tt w (21)") , 

7r w being the GNS representation associated to the state n. Notice that 
the last condition are automatically satisfied in the ergodic case under 
consideration, and in classical case. It is shown by a counterexample 
that the condition c(u) G Z(2l**) cannot be avoided in order to obtain 
the limit of (1.1). However, it is still open if, either (1.2) is automat- 
ically satisfied under the previous centrality condition c(u) G Z(Ql**), 
or it cannot be avoided in proving the Furstenberg ergodic theorem in 
non ergodic case. To conclude, we note that the convergence of the 
limit of the Cesaro mean in (1.1), provides another nontrivial case for 
which the Entangled Ergodic Theorem introduced firstly in [1] (see also 
[10, 13]), holds true. 



In particular, the convergence of the average (1.1) was independently proved 
later in Section 5 of [3] (compare with F. Fidaleo: arXiv:math/0702101) under the 
assumption that u) is a treaciable ergodic state. A detailed inspection of the explicit 
formula for the limit in (4.3) of [11] allows us to conclude that the trace condition 
is unnecessary. 
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2. PRELIMINARIES 

Let X, Y be linear spaces. Their algebraic tensor product is denoted 
by X<g)Y. If H and /C are Hilbert spaces, the Hilbertian tensor product, 
that is the completion of H <8> K, under the norm induced by the inner 
product in the 

{x®i,y®rf) := {x,y)(£,ri) , 

is denoted as H®KL. 

Let {A a } ae j C B(H) be a net consisting of bounded operators act- 
ing on the Hilbert space H. If it converges to A G 13(1-1) in the weak 
operator topology, respectively strong operator topology, we write re- 
spectively 

w — lim A a = A , s — lim A a = A . 

a a 

Let U be a unitary operator acting on H. Consider the resolution of 
the identity {E(A) : A Borel subset of T} of U. Denote with an abuse 
of notation, E z := E({z}). Namely, E z is nothing but the selfadjoint 
projection on the eigenspace corresponding to the eigenvalue z in the 
unit circle T. 

The unitary U is said to be ergodic if the fixed-point subspace E{H 
is one dimensional. By the von Neumann mean ergodic theorem, it is 
equivalent to the existence of a unit vector £ G H such that 

1 N ~ X 



iV-j.+oo iV 

n=0 



or equivalently, 



1 iV_1 
lim J2( Un ^v) = (Z,to)(Zo,v)- 

n=0 

The unitary U is said to be almost periodic if H = H^ p , H^ p being 
the closed subspace consisting of the vectors having relatively norm- 
compact orbit under U. It is seen in [17] that U is almost periodic if 
and only if H is generated by the eigenvectors of U. Define 

°pp(^0 := { z e °~pp(U) '■ zw = lfor some-it; G o~ pp (U)} . 

It is immediate to verify that a pp (U) = <7p p (C/) -1 . It is a subgroup of 
the unit circle T in some cases of interest, see e.g. Proposition 2.3. 

For a (discrete) C*-dynamical system we mean a triplet (21, a, ui) 
consisting of a C*-algebra 21 which we always suppose to have an iden- 
tity 1, an automorphism a of 21, and a state u G 5(21) invariant under 
the action of a. 
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A C*-dynamical system (21, a,uS) is said to be ergodic if for each 
A, B G 21, 



l^ 1 



lim -}^uj(Aa n (B))=oj(A)oj(B). 

n=0 

Notice that this definition of ergodicity for an invariant state differs 
from the standard one. Indeed, an invariant state tp G 5(21) is said 
to be ergodic if it belongs to the set d£% of the extremal elements 
of the compact convex set £% made of all the states of 21 which are 
invariant under the action of a, see [5]. It can be shown that if tp is 
asymptotically Abelian (or when ip is even and graded-asymptotically 
Abelian if 21 is a Z 2 -graded C*-algebra), both definitions coincide. See 
e.g. Section 3 of [9] for further details. 

Let CH,7r u , U, Q) be the GNS covariant representation (cf. [20], Sec- 
tion 1.9) canonically associated to the dynamical system under consid- 
eration. Then (21, a, uS) is ergodic if and only if U is ergodic, see e.g. 
[17]. In addition, let s(u) be the support of a; in the bidual 21**. Then 
s(u) G Z(2t**) if and only if Q is separating for 7r(2l)", Z(2T*) being the 
centre of 21** (see e.g. [19], Section 10.17). Denote M := 7r(2t)", and 
with an abuse of notation, a := Adjj the adjoint action of U on B(H). 
The commutant von Neumann algebra is M' = 7r(2l)'. When s(u) is 
central, it is possible to introduce the so called Tomita (antilinear) in- 
voution S : MQ — > % given by SAQ = A*Q. One can prove that S is 
closable (with closure denoted as S too with an abuse of notation). We 
have for the polar decomposition S = JA 1//2 , where A is the modular 
operator and J the modular conjugation. We recall the main property 
JMJ = M' of J used in the sequel. The reader is referred to [19] and 
the literature cited therein, for the Tomita modular theory. 

The following results, summarized in Theorem 4.3.20 of [5], is crucial 
in the sequel. 

Theorem 2.1. Let u G £f, such that s(u) G Z(2t**). Then the follow- 
ing assertions are equivalent. 

(i) 7r w (2i)"n {*/}' = ci, 

(ii) Ei has rank one, 

(hi) w g del, 

(iv) (7T w (St) U {[/}')' = CI. 

For z in T denote 

M z = {AeM : a(A) = zA} , (M') z = {B G M' : a(B) = zB} . 

We report also the following results, known to the experts relatively to 
the classical situation and extended to the quantum case in [11]. 
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Proposition 2.2. Let the C* -dynamical system (21, a, to) be such that 
s(u) is central. Then, with the previous notations, 



M z n = (M') z n = e z h . 

In addition, a pp (U) = cr pp ([/) _1 and JE Z = E Z J, J being the Tomita 
conjugation. 

Notice that if % is separable, we can choose an orthonormal basis 
{<,}<*,ei, C M Z Q (equivalents {v^}^^ C (M') Z Q) for E Z U. In 

f (K)*n ] 

addition, < — > (equivalently { JA z a flj ) is an 

orthonormal basis for E{H, whenever {A z a Q} az ei z is an orthonormal 
basis for E z 7{. This follows by the previous proposition, or by taking 
into account that S\m z u (S* \(M') z n) realizes an algebraic antilinear 
isomorphism between M Z Q and M Z Q ((M') Z Q and (M') Z Q), S being 
the Tomita involution of M associated to the standard vector Q. 

Proposition 2.3. Let (21, a, ui) be an ergodic C* -dynamical system 
such that s(u) is central. Then, with the previous notations, E z l-i is 
one dimensional for each z G a pp (U), and we can choose its single 
generator as V Z Q (W Z Q) for some unitary V z G M (W z G M' ). Finally, 
o~ pp {U) is a subgroup of'T. 

A C*-dynamical system (21, a, ui) is said to be Z-Abelian if 

E 1 ir u (fX)E 1 C B(H) 

is a family of mutually commuting operators. Denote M u (£%) the set 
of the Radon measures on £% whose bary center is precisely u G £% . 
We end the present section by reporting Proposition 4.3.7 of [5]. 

Theorem 2.4. Let u G £%, such that s(u) G Z(2l**). Then the follow- 
ing assertions are equivalent. 
(i) (21, a, ui) is Z-Abelian, 

(ii) (71^(21) U {U})' is an Abelian von Neumann algebra, 
(iii) there exists a unique maximal measure v G M u (£%). 

The reader is referred to Section 4.3.1 of [5] for the definition of the 
maximality of a barycenter measure and for further details. Such a 
measure pseudosupported on the ergodic states d£% (cf. [5], Proposi- 
tion 4.3.2). 2 In addition, if 21 is separable, each Borel set is a Baire set 



A probability Radon measure /1 on £| is pseudosupported on d£% if for each 
Baire set B, B n d£\ = implies fj,(B) = 0, see e.g. [18], Theorem 3.1.14. If 21 
is separable, the a-algebra of the Baire sets coincides with the Borel cr-algebra. 
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then such a measure v is supported on the ergodic states d£%, see [5]. 
From now on, we reduces ourselves to C*-dynamical system (21, a, uS) 
such that 21 is separable and s(u>) G Z(2l**). 

3. AN ERGODIC THEOREM FOR NON INVARIANT STATES 

In the present section we collect the results concerning the ergodic 
theorem for generic measures. The classical case is treated in [14], 
whereas the generalization to the quantum case is in [11]. We start 
with the definition of a generic measure which is slightly different from 
the previous ones. 

Let (9Jt, (3, </?) be a C*-dynamical system (not necessarily with 971 
separable and s(ip) G Z(pJl**)), whose GNS covariant representation is 
denoted as ("H^,, 7^, i?, $). Consider another state ifj G 5(21). Notice 
that ijj is supposed in general to be neither invariant under the action 
of /3, nor normal w.r.t. (p. Let (?^,,7r^,\I/) be the GNS representation 
of ip. Let 23 C Wl be a *-subalgebra. Denote 23^ := 23 f|^ the set 
of the elements of 03 invariant under j3. As usual E\ is the selfadjoint 
projection acting on 7i v projecting onto the invariant vectors under R. 

Definition 3.1. The state ip is said to be generic for (OJt, (3, ip) if there 
exists a *-subalgebra 23 C 2Jt such that 

(i) 7^(930)$ = E{K V , 
(ii) for each B G 23, 

1 JV-1 



-»+oo iv *— -^ 



/V-s>+oo _ 

n=0 

Let the state ip be generic w.r.t. a subalgebra 23. It was shown in 
[11] (see also [14]) that 

7^(5)$ G ^(23^)$ ^ 7ty(B)tt G H* 

uniquely defines a partial isometry V : "H^, h- > Ti^ such that y*y = 
EiHtp. By the aid of the modular structure, we are able to write 
explicitly the formula for such a partial isometry (cf. (4.3) in [11]) as 

(3.i) v£= Yl (Z,v g n®w w )v z w w n, ten, 

{z,W&cr pp (U)\zw 2 = l} 

where V Z ,W W are given in Proposition 2.3. The following theorem is 
Theorem 3.5 of [11] (see also [14, 15] for the classical case). 



Then any such a measure \i pseudosupportcd on d£^, is indeed supported on <9£| 
Namely, n(dS%) = 1. 
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Theorem 3.2. Let ip be generic for (pJl, /3, </?) w.r.t. a *-subalgebra 23 
such that n v ( y 'i8 13 )^ is dense in EyH.^. Then for each BeS, 

1 N ^ 

n=0 

V : Tip h-)- "Hy, freing the partial isometry uniquely defined by (3.1). 

We have the standard application to the previous result to the (quan- 
tum) diagonal measures arising from ergodic C*-dynamical systems. 
The reader is referred to Section 4 of [11] for proofs and details. In- 
deed, consider an ergodic C*-dynamical system (21, a, oS) (not neces- 
sarily with 21 separable) such that its support s(u>) in 21** is central. 

Let X := {M + M'} be the norm closed linear span of M and M' in 
B(H). 

Theorem 3.3. Let (21, a, to) be an ergodic C* -dynamical system such 
that its support s(u>) in 21** is central. Then 

l^ 1 



s-lim — > U n XU n = V (XQ 

AT - oo TV ^ 



N-I- + QO _ 

n=0 

for each A E 3t. 

The proof relies on the application of Theorem 3.2 to C*-dynamical 
system (Wl,p,(p) with M : = 7T w (St)" ® max 7^(21)', (3 := Adc/ ® Ad^ 
where U implements a in the Hilbert space of the GNS representation 
of uj, and ip := ( • flfl) <S> ( • flfl). Its diagonal measure ip will be 

A®B^ (ABQQ). 

4. THE CASE OF DIAGONAL MEASURES 

The present section is devoted to main result of the present paper, 
that is the generalization of the quantum Furstenberg Ergodic Theorem 
3.2 to convex combinations of diagonal measures. The last arises in a 
canonical way from some non ergodic dynamical systems. 

We start with general facts concerning the direct integral decompo- 
sition of representations. Indeed, let 21 be a separable C*-algebra and 
7r a representation on a separable Hilbert space %. Fix an Abelian 
subalgebra Z C 7r(2t)' and consider the direct integral decomposition 



K L0 = 7T 7 cV(7) 



on 



re 
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w.r.t. Z (i.e. Z ~ L°°(T, u)) see e.g. [20], Theorem IV.8.25. We report 
for the convenience of the reader the following 

Lemma 4.1. We have 7r w (2t)" = J r 7r 7 (2l)"d^(7) if an d on ^V if Z C 
7r(2t)". 

Proof. As Z = {/® /(7)Iy d^(7) I / e L°°(T, i/)|, where 1 7 is the iden- 
tity acting on 7i 1 , one implication is trivial. The reverse implication is 
proved in Lemma 8.4.1 of [7]. □ 

We start with a C*-dynamical system (21, a, ui) such that 21 is sep- 
arable and c(u>) G Z(2l**). Its GNS covariant representation is de- 
noted by (^,^,[4,^). Suppose in addition that (21, a, lS) is Z- 
abelian. As explained before, there exists a unique maximal measure 
/i G Mu{£%). It supported on the ergodic states of 21 and in addition it 
is an orthogonal measure. For the sake of convenience, let us call the 
measurable space (dS^,/i) as (T,z/). This means that 

u(A) = / (pdp(<p) = / w 7 dK7)- 
Jd£\ Jt 

In addition, L°°(F,u) ~ (vr w (2t) U {U})' C 7T w (St)'. Then we can de- 
compose simultaneously the GNS representation (% w ,7r w , C/ w , fi w ), see 
e.g. [20], Section IV. 8. Thus, we get 

/•© 

7T W = / 7T 7 d^(7) , 
/■© 

£4, = / C/ 7 d^(7) , 

/•© 
Quj = ^ 7 cMt) • 

It can readily seen that 

("H 7 ,7r 7 ,f/ 7 ,fi 7 ) = (?C 7 ,7^ 7 ,£4 7 ,^ 7 ) , 

almost surely. Suppose in addition that L°°(T, v) ~ (^(21) U {U})' C 
7r w (Sl)". We get 

Proposition 4.2. Under the above conditions, w 7 zs ergodic andciu^) G 
Z(2l**) almost surely. 
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Proof. As we are dealing with the ergodic decomposition of u, we have 
only to check that f2 7 is a standard vector for 7r 7 (2t)" almost surely. By 
Lemma 4.1, we have 



n„ 



(21)'=/ 7r 7 (2l)'dK7), 7r w (St)"= / 7r 7 (a)"d^(7) 



almost surely. If there would exist a set To C T of positive measure such 
that fi 7 is not standard for 7T 7 (2l)", 7 G To, fi would not be standard 
for ^0,(21)" which is a contradiction. □ 

Under all the conditions listed above, define 

M:= 7r 7 (2l)"dK7)- 

Then 

M'= J 7r 7 (2t)'dK7)- 

Let An, Ja, A^ 7 , J^ 7 be the Tomita modular operators and conjuga- 
tions. We get (cf. [19], Section 10) that An, Jn commute with all the 
operators in Z(M), As {M f | / e L°°(T,v) C Z(M), they commute 
with all the diagonalizable operators Mf, f e L°°(r, v), Mf being the 
multiplication operator by f. 3 Then Aq, Jq are simultaneously decom- 
posable as 



A w 






A 7 d^(7) j 


^UJ ' 


J 


( 


^ 7 (Mt) ' 


A 7 = 


:A 


u;-y 5 


"7 t -'u; 7 5 



with 



almost everywhere, see e.g. [4], Appendix A and the references cited 
therein. In Addition, J w and A w commute wich £/ 7 almost surely, see 
[17], Proposition 3.3. Notice that the situation described above could 
naturally appear some in physical models on the lattices Z d , see e.g. 
Theorem 6.2.44 of [6] for the case of infinite tensor product C*-algebra, 
and Proposition 11.8 of [2] for the case based on the CAR algebra. 
We apply the above results to the generalization of Theorem 3.3 to 

the non ergodic situation. As before we define X := {M + M'} as 



3 As Jq is antilinear, the commutation rule should be JqM/ — MjJq. 
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the norm closed linear span of M and M' in B(l-L). Fix X G X, x, y G % 
and define the functions F N ' x ' y , F x > x > y as follows. 

1 JV-l 
n=0 

(4.1) F*™( 7 ) := (y 7 (X( 7 )fi 7 ®x 7 ),2/ 7 ), 



where Ky : 'H 7 ®'H 7 — >■ "H 7 is the partial isometry defined pointwise a.e., 
in (3.1) thanks to Proposition 4.1 of [11]. Everything in (4.1) is well 
defined up to a negligible set (depending on X G X, and x,y G "H) 
because the o> 7 are ergodic (cf. Theorem 2.1 and Theorem 2.4), and 
c(w 7 ) G Z(2t**) (cf Proposition 4.2) on a measurable set of null measure, 
simultaneously. The F N ,x,y are measurable by construction whereas 
F x,x,y is not necessarily measurable a priori. However, we get 

Proposition 4.3. We have v-almost everywhere, 

lim itf™( 7 ) = F**»( 7 ) . 

Af->+oo 

In particular, the function F x,x,y in (4.1) zs measurable. 

Proof. Let r C T be the measurable subset of full measure on which 
the F N ' X ' V and F x,x,y are simultaneously defined. In particular, on r , 
the state u 1 is ergodic and its support is central in Z(2l**). For such 7, 
we can apply Theorem 3.3 fiberwise, obtaining that the sequence F N ' x ' y 
converges a.e. to F x,x,y . As a consequence, the last is measurable. □ 

Corollary 4.4. The field of partial isometries {V^} 76 r * s rneasurable. 

Proof. It follows by Proposition II. 2.1 in [8] as all the vectors of the form 

J® X( 7 )ft 7 <g>a; 7 dK 7 ), J? *(t) (Mt) e M, are total in /® % 7 ®% 7 d^( 7 )- 

D 

Corollary 4.4 allows us to define a partial isometry 

v : / n^n^ d^( 7 ) ->• / ^ 7 cMt) 

by putting V^ = on r\r . We define 
(4.2) V:= Vydv^). 



,/r 

We apply the above results to the Entangled Ergodic Theorem (cf. 
[1, 10, 13]) and, as a consequence to the 3-correlations for non ergodic 
dynamical systems. 
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Theorem 4.5. Let (21, a, o>) &e a C* -dynamical system with 21 is sep- 
arable and c(u>) G Z(2l**) ; together with the GNS covariant represen- 
tation (T-Luj^u), Uu^Vlu). Suppose that (7r w (2l) U {£/})' C Z(7r w (2l)"). 
T/ien for each A G X and x,y EH, 

(4.3) w5 n o ^igVj«7», a;> y 

^ f x( 7 )fi 7 ®x 7 dK7)J »y) > 

where V is the partial isometry given in (4.2). 

Proof. As c(w) G Z(2l**) and (tt w (21) U U)' C Z(tt w (21)") C 7T w (2t)' 
we decompose ui in ergodic states {cj 7 } 7e r whose supports c(w 7 ) in 
the bidual are central almost surely, see Proposition 4.2. So we can 
apply all the above considerations to this case. Indeed, by applying 
the Lebesgue Dominated Convergence Theorem and Proposition 4.3, 
we get 

JV-l 



5s» ( (h g u " xu ") x < ») = „5s» i F ^ w d " w 

Mm Fj"'»( 7 )d-'(7)= t F x -'«(~i)Av(l) 



r iV->+oo 



y( / X( 7 )fi 7 ®a: 7 d^(7) ) ,2/ 

□ 
Corollary 4.6. Under the same hypotheses of Theorem 4-5, we get 

N-l 



lim l^o;(Ao« n (A)« 2n (^)) 



n=0 

V I / (7r W7 (A 1 )fi 7 ®7r W7 (A 2 )fi 7 d^(7)j ,M^o)^ 
Proof. The proof follows by Theorem 4.5 by putting in (4.3) 

X =/ 7^(^1)^(7), &=/ vr W7 (A 2 )fi 7 d^(7) , 2/ = vr w (A*)fi . 

D 

We end the present section by reporting the explicit formula for the 
partial isometry V. As explained above, it is enough for us to write 
down the formula for the 7 such that cu 7 is ergodic and c(w 7 ) G Z(2l**). 
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In such a situation we can apply Proposition 2.2, Proposition 2.3 and 
we find the set 

S 7 := {(z,w) G (7pp(J7 7 ) x a pp (U 7 ) : zw 2 = 1} . 

Denote E\ the selfadjoint projection onto the invariant vectors under 
JrU^U^dvh). We have 



#i= / ^1(7) d^7) 



where £'1(7) is the selfadjoint projection onto the invariant vectors 



under U y ®U 2 . Then 



In addition, E z ^ ® i?„J are one dimensional and are generated by 
the vectors V Zs f2 7 ® W,^ f2 7 which leads to an orthonormal basis for 
-Ei(7) - H 7 (g)'H 7 , the last being the initial range of V^. Here, V Zs G 
-^7, W Ws G M 7 are unitary operators which exist by Proposition 2.3. 
Under the partial isometry Vy they are sent in the vectors V Za W Ws f2 7 G 
"H 7 which provide an orthonormal basis for the final range of V^. Thus, 

where the sum converges in the strong operator topology, //-almost 
everywhere. 

5. REMARKS 

The results explained below might be viewed in term of diagonal 
measures arising from a global C*-dynamical system. As such a con- 
struction play no crucial role in proving the presented result, we outline 
its description by leaving the technical details to the reader. 

We start with the direct integral of suitable fields of C*-algebras. 
Let 

r® 

M := M 7 d^7) 

be a direct integral of a von Neumann algebras with separable predual, 
together with its commutant algebra 



/fctf 
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see [20], Section IV.8. Let 

|J9J1 7 , 

where 

9JT 7 := M 7 ® max M 7 . 

U 7 er ^7 * s n °thing but all the vector fields on T made of elements 
of M 7 (§> max M' . Here, we use the maximal C*-tensor product for 
C*-algebras (cf. [20], Section IV. 4), even if the weaker setting of the 
binormal C*-tensor product would work as well. Let 

SOTo := span{ AB} , 

where 

(5.1) A= A( 7 ) <g> I( 7 ) d^7) , 5=/ I( 7 ) (8) £(7) d^7) 

acting on the Hilbert space 

e 
U^U~ t d^7) • 

T 

Of course, Wlo C U 7 er ^7 * s a *~subalgebra under the pointwise op- 
erations. It consists of the elementary measurable fields. In particular, 
if X = AB, we get 

7 er^||x( 7 )||eL 0O (i>). 

If X e Mo, define 

||X|| := sup{||7r(X)|| | n representation of97l } • 

After quotienting and completing (cf. [20]), we obtain a C*-algebra, 
denoted by an abuse of notation, as 

re 
Wl:= M 7 ® max M; d^( 7 ) • 

In our situation, 

QJt := / ^ (21)" <g) max tt^ (21)' d^( 7 ) 

On 971 it is defined the automorphism /3 given on the generators (5.1) 
as 



p:= Ad[/ 7 <g> Adc/2 d^( 7 ) 

It is easily seen that, on 9JT the following two states are automatically 
well-defined. The first one arises as (the generalization of) the convex 
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combination of products of ergodic components of the original one u. 
It is given on the generators (5.1) as 



<p(AB) := / (A( 7 )fi 7 ,fi 7 )( J B( 7 )fi 7 ,fi 7 )d^(7) 
The second one is given on the same set of generators as 
iP(AB):= /"(A( 7 )5( 7 )Q 7 ,Q 7 )d^(7)- 



Thus, the C*-dynamical system we are looking for is precisely (pJl, /?, <fj . 
The state ip can be considered the (quantum analogue of the) "diagonal 
measure" of the "measure" if for the general case of non ergodic states. 
Finally, after proving that the diagonal measure ip is generic for 
(971, (3, (/?), we might provide Theorem 4.5 where in (4.3) we would get 
the limit in the strong operator topology, and which is nothing but the 
generalization of Theorem 4.2 of [11]. Corollary 4.6 will be unchanged. 

6. A COUNTEREXAMPLE 

We construct an irreducible, ergodic C*-dynamical system for which 
the 3-correlations do not converge for some elements. We start with 
an element a G £°°(N) such that the Cesaro means 

n— 1 

M n (a) := ^a k 

fc=0 

does not converge. It certainly exists just by taking for the a&, se- 
quences of zeroes and ones such that M n (a) oscillates between two 
values < a < (3 < 1. Extend the sequence a to all of Z by putting 
a_fc = dk on negative elements. Define on £ 2 (Z), 

(6.1) Aij := diSi-j . 

The operator described in (6.1) is bounded as A = DR, where D is the 
diagonal operator associated to a, and R is the infinite matrix having 
all 1 on th main antidiagonal. Consider the shift 

Ve n :=e n+1 , neZ. 

By using Fourier transform J 7 , we get 

TVT* = M f , 

where f(z) = z on the unit circle T. Thus, the shift has absolutely 
continuous (w.r.t. the Lebesgue measure on T) spectrum. In addition, 

(6.2) lim(\/ n e, v) = 

n 

by Riemann Lebesgue Lemma. 
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Lemma 6.1. We have 

n—l 



-Y / (V k AV k e ,e ) = M n (a). 



n 

fc=0 

Proof. It follows as 

(V k AV k e , e > = (AV k e , V~ k e ) = (Ae k , e_ fc ) = A K _ k = a k . 

D 

Let H := £ 2 (Z) © Ce where e is an extra unit vector. Define U : = 
V © 1. Consider on 13(1-1) the unital *-algebra 23o generated by the 
compact operators K(H) and A. Let 2lo be the *-algebra generated 

by Unsz C/ n ©o^ _n - Define 21 := 27o~" ". Consider on 21 the adjoint 
action a := Adu and the state uo := (-e,e). The main properties of 
the C*-dynamical system (21, a,co) are listed below. 

(i) 21 is separable by construction. 

(ii) The GNS quadruple for (21, a, u) is precisely (H , id , U , e). 
(iii) The system is irriducible: 7r w (2l)' = 21' = CI. This implies first 
that c(u) G 21** cannot be central, and then that it is ergodic 
(i.e. u is extremal invariant) as (^(21) U U)' C 7^(21)' = CI. 
(iv) The system is indeed mixing: 

lim u(a n (X)Y) = u(X)u(Y) 

n—t+oo 

by (6.2). 
Let B e 21 the rank one operator given by B := ( • , e)eo- 

Proposition 6.2. The 3-correlation 

n—l 



1 '- x 

-Yu(B*a n (A)a 2n (B)) 



n 

fc=0 



does not converge. 
Proof. We get 

u(B*a n (A)a 2n (B)) =((U n AU n )Be, Be) = ((U n AU n )e ,e ) 



--((V n AV n )e ,e ) = (V n AV r 



) oo 



The proof follows by Lemma 6.1 as M n (a) does not converge by con- 
struction. □ 
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